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Abstract 



Canonical quantisation of rigid particles is considered paying special attention to 
the restriction on phase space due to causal propagation. A mixed Lorentz-gravitational 
anomaly is found in the commutator of Lorentz boosts with world-line reparametrisations. 
The subspace of gauge invariant physical states is therefore not invariant under Lorentz 
transformations. The analysis applies for an arbitrary extrinsic curvature dependence with 
the exception of only one case to be studied separately. Consequences for rigid strings are 
also discussed. 
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1. Introduction 

Following Polyakov's proposal^-'^'^^ of adding to the ordinary Nambu-Goto action of 

string theory a scale invariant term quadratic in the world-sheet extrinsic curvature - as a 
means of smoothening out the world-sheet structure at short distances, and possibly also 
obtaining a low-energy effective theory for QCD there has been a revival of interest 
in theories of relativistic particles whose action includes a dependence on the world-line 
extrinsic curvature and torsion, so called rigid par tides '^"^^L These theories not only 
provide a simpler setting in which to study some of the difficulties presented by rigid strings 
due to their nonlinear higher derivative actions, especially at the quantum level, but it has 
also been suggested that rigid particles could define a unifying formalism for quantum 
particles of arbitrary spin using spacetime coordinates only (even half-integer spins have 
been claimed t^'^^^, though erroneously t^'^^', to be possible). However, the understanding 
of quantum rigid particles presently available in the literature is not really satisfactory, 
being rather confusing and even self-contradictory at times. 

In view of this situation, the present letter reports on results of a detailed analysis of 
the canonical quantisation of rigid particles whose action includes an arbitrary dependence 
on the world-line extrinsic curvature but is independent of its extrinsic torsion. Leaving 
details of the analysis to a separate publication^^] , the main emphasis here is on the exis- 
tence of a Lorentz anomaly for physical states. Namely, at the quantum level, while both 
the local world-line gauge algebra and the spacetime Poincare algebra arc each anomaly 
free, world-line reparametrisations do not commute with Lorentz boosts. Consequently, 
quantum physical states do not transform covariantly under the Lorentz group. Even 
though the system only has a finite number of degrees of freedom, the associated anomaly 
arises due to operator ordering and the need to perform a certain map from the original 
restricted phase space to an unrestricted one. The initial restriction originates from the 
requirement that classical world-line trajectories are time-like and causal, namely that the 
velocity of the particle is always less than the speed of light so that its trajectories always 
lie inside the light-cone (in spite of this, classical solutions always includel^'^^'^^'^*^! tachy- 
onic but nevertheless causal ones) . The present anomaly is quite analoguous to the mixed 
triangular anomaly in four dimensions for two gravitons and one U(l) gauge bosont^^l, 
Poincare invariance playing the role of an internal symmetry for rigid particles. 

The discussion outlined in this letter applies whatever the dependence on the extrinsic 
curvature, with one exception however referred to as "the degenerate case" . In contradis- 
tinction with the "generic case", the degenerate case possesses t^'^^l additional first- and 
second-class constraints t^^' and actually requires an independent analysis using more ad- 
vanced techniques. Having not been completed yet, the discussion of the degenerate case 
is not included here. Nevertheless, no fundamental diff'erence with the generic case is to 
be expected. The same type of anomaly as the one described above for the generic case 
would presumably appear in the quantisation of degenerate rigid particles. 
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2. Classical Rigid Particles 



Consider the following action for rigid particles 

S[x^',q^,\^'] = -/ic f ^ dT[^/^ F{k^K^) + A^(g'^ - i;'^)] . (2.1) 

These particles, whose trajectories are described by functions x^(r) of the world-line 
parameter r, propagate in a D-dimensional Minkowski spacetime with metric ry^j^ of 
signature mostly plus signs (as usual, dots above quantities refer to r derivatives and 
(//, = 0, 1, • • • , D — 1) ). The system is characterized by two fundamental positive con- 
stants fj, and K with dimensions of mass and length respectively, while c denotes the speed 
of light. The coordinates have dimension of length and r is taken to be dimensionless. 
The overall sign in (2.1) is a matter of convention t^^l, chosen such that for F{k^K'^) con- 
stant and positive, solutions of positive energy propagate forward in time thus describing 
particles as opposed to antiparticles. The dimensionless variables A'*(r) are Lagrangian 
multipliers for the constraints q^{T) = x^{t) identifying the degrees of freedom q^{T) with 
the particle velocity. Finally, F{k'^K'^) is a given dimensionless non constant function 
specifying the dependence of the action on the world-line extrinsic curvature 

When using = x^^ we have indeed the correspondence 

i^M = ^ = 7-'/'-^ h-'/'il , n^ = ^ = T^^'^x^ , (2.3) 
as dr^ ds 

where is the normalised world-line tangent vector, 7 = —i?' the induced world-line 
metric and ds the proper-time line element ds = 7^/^(ir. 

In defining the action, it is understood that only time-like trajectories are to be con- 
sidered, corresponding to the restriction {—q^ > 0) and implying a causal propagation 
inside the local light-cone (the unphysical case of supraluminal rigid particles has also 
been considered in the literature^^l). Consequently, we have 

r? = -1 , K^>0 , nK = , (2.4) 

showing that any function F{x) which is well defined for positive arguments is acceptable 
in the definition of (2.1). Nevertheless, classical tachyonic solutions of constant extrinsic 
curvature always existt^'-^^'-^^'^^^ for arbitrary choices of F{k^K'^). 

The degenerate case mentioned in the introduction corresponds to the function 

F{x) = aoV^ + Po . (2.5) 

However, solutions then exist only[^'^^'^°] when /?o 7^ and ao//3o > 0, in which case all 
solutions aret^^l of constant extrinsic curvature and include tachyonic ones for curvatures 
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\J K^K"^ > /3o/«o- Any other choice for F{k^K'^) different from (2.5) defines the generic 
case to which the present discussion apphes. Only degenerate rigid particles require a 
separate treatment not included here. 

By construction, (2.1) is invariant under world-line reparametrisations - including 
orientation reversing ones - with the coordinates transforming as scalars, the velocities 
q^^ as vectors and the Lagrange multipliers A'^ as pseudo-scalar s. In fact, due to this 
local symmetry and the presence of Lagrange multipliers, (2.1) defines a system whose 
Hamiltonian formulation includes constraints on phase spacet^^L For generic rigid particles, 
one ends up with the following description^^'^*^]. Phase space degrees of freedom are the 
coordinates a;^' and and their respective conjugate momenta 

Here, L is the Lagrangian defining the action S = J drL in (2.1). The associated sym- 
plectic structure is given by the canonical Poisson brackets 

K,P^} = r7^^ , {q'^,Q^} = r,'^^ . (2.7) 

The sector related to the Lagrange multipliers decouples when solving for the second-class 
constraints (xi = tt'* = dL/dXf^) and (x2 = P'^—HcX^) using Dirac bracketsl^^l (this is also 
true in the degenerate case) . Consequently, these degrees of freedom do not appear in the 
Hamiltonian description. Actually, (2.1) being a spacetime Poincare invariant action, 
also defines the total energy-momentum of the particle, while its total angular-momentum 
is given by 

^ j^t,u ^ gt,u ^ ^2.8) 
with the orbital and internal spin contributions, respectively 

= pMa;^ _ p^a;M ^ = gPg^ _ g^^^M . (2.9) 

With the brackets (2.7), and Mi^^ of course obey the Poincare algebra. Both and 
S^^ are a measure of the world-line extrinsic curvature, since (2.1) implies 

Qi" = -2/xcK \ ^ kRI^ , Sf"" = 2fxcK F'{k^K^) Kin^K" - n^'K") . (2.10) 

These extrinsic curvature contributions suggest the possibility that rigid particles could 
actually provide a unifying scheme for quantum particles of different spins. In fact, as- 
suming for a moment that this were indeed the case, only integer spins would be obtained. 
Indeed, the Heisenberg algebra of commutators [q^^, Q^] = ihr]^^'^ associated to (2.7) only 
supports single valued wave-function representations thereby always leading to integer spin 
representations. However, the quantum anomaly described later on shows that even such 
a possibility is unfortunately not tenable. 

The above phase space {x^^, P^iq^, Q^} is subject to the two first-class constraints 

(f>i= qQ , (l>2= qP + ^^c^/^^q^Q^) , (2.11) 
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with the Poisson bracket 

{01,02}= -02 . (2.12) 

Here, ^{q'^Q'^) is given by 

$(g2g2) ^ _ 2xoF'{xo) , (2.13) 

with xq a solution to the equation 

Therefore, in order to define the Hamiltonian description of generic rigid particles, the 
function F{x) must also be such that given any y > there always exists a unique a; > 
for which xF''^(x) = y. This condition puts some restriction on the class of acceptable 
functions F{x) in (2.1), which is assumed to be met in our analysis. However, one may also 
take the point of view that the Hamiltonian formulation is not necessarily directly related 
to the Lagrangian one in (2.1), in which case only $(g^(5^) needs to be given and may be 
assumed to be any arbitrary non constant function (^(g^Q^) constant corresponds to the 
degenerate rigid particle). Finally, the total Hamiltonian for the system is simply 

H = Ai0i + A202 , (2.15) 

with Ai and A2 being Lagrange multipliers for the two first-class constraints. 

As is always t^^l the case with first-class constraints, (pi and (/)2 are generators of local 
(Hamiltonian) gauge symmetries. The transformations associated to 0i - a constraint 
equivalent to the property uK = in (2.4) - are simplyt^^l local rcscalings of the variables 
g^, and A2 and a local shift in Ai. On the other hand, local world-line reparametrisations 
preserving the world-line orientation are generated '^^^ by the constraint 02 (to which a 
specific contribution from the constraint 0i must also added). In fact, the combination 
(A3 = Ai -h A2/A2) definest^°] an intrinsic world-line metric through (A3 = e/e) with e(T) 
being the world-line einbein. Using the freedom offered by these gauge symmetries, it is 
always possible to choose for the Lagrange multipliers 

Ai = , A2 = 1 . (2.16) 

Indeed, modular space^^^] for this system reducest^'^l to a single point. The configuration 
(2.16) is gauge equivalent to this single point and actually defines^^^^ an admissible I^^^, i.e. 
a complete and global gauge fixing of the system. 

3. The Unrestricted Phase Space Map 

Naively, canonical quantisation of rigid particles would proceed from their Hamilto- 
nian formulation above. Heisenberg commutation relations for the fundamental degrees 
of freedom would simply follow from the Poisson brackets (2.7) and in the associated 
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representation space of quantum states - necessarily equivalent to a wave-function repre- 
sentation -, physical states would be identified as being those states annihilated by two 
quantum operators in direct correspondence with the first-class constraints (pi and (p2 for 
some consistent choice of normal ordering of composite operators. However, this approach 
- the one so far always adopted for rigid particlest^'^'^^'^^l - overlooks one important fea- 
ture concerning the degrees of freedom q^, namely the fact that this sector of phase space 
is restricted by the requirement (— > 0) or in other words that must lie inside the 
light-cone. Hence, in the same way that the canonical quantisation of the nonrelativistic 
particle moving freely on the positive real axis needs some specification!^"^! , we must first 
find a (canonical) transformation for the restricted degrees of freedom and such that 
the new set of variables is unrestricted and preferably, is also equipped with a canonical 
symplectic structure. Then, in terms of the transformed degrees of freedom, the above 
quantisation program may be applied. 

Such a set of transformed degrees of freedom indeed exists for rigid particles. It is 
defined by the following relations 

y = VV-Q , ^ f] ■j== , (3.1a) 

v-r 

y'- V ^= , R' = vV^[Q' -^Q'], (3.16) 

where r] is the sign of q^ and {i = 1, 2, • • • , D — 1) are space indices. The inverse relations 
are 

q'=y'V^, Q'-V^[-R' + ^], (3.2a) 

yU 

q'=y'y\ Q^^ ^+f[-R' + ^] . (3.26) 

y y 

In geometrical terms, measures the invariant length of the vector q^ with a sign related to 
whether q^^ lies in the forward or in the backward light-cone, while the remaining variables 
are in fact the parameters of the Lorentz boost in the direction q mapping the vector 
q^ = {q^, q) into the vector (y°, 0). The remaining variables R^ and R^ are then obtained 
as degrees of freedom conjugate to y° and respectively. Namely, the Poisson brackets 
(2.7) and the following canonical brackets 

{y°,i?0} = l, {y\W} = S'^, (3.3) 



are mapped into one another under the transformations (3.1) and (3.2). 

Clearly, the canonically conjugate degrees of freedom {y^ , R^ ; y^ , R^) are no longer 
restricted as are the original ones {q^,Q^), thereby achieving the required properties. 
However, the price to pay is a loss of manifest Lorentz covariance. Spacetime translations 
generated by and space rotations generated by M*-' = L*-' -|- S^^ are still manifest 
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symmetries in the transformed representation of the system, but this is no longer the case 
for Lorentz boost generators M^* = L^* + S^"^. Indeed, while the expressions (2.9) for L'*^ 
are not affected by the redefinitions (3.2), those for the spin tensor become 

= -W Vl + f^ , S'^ = Ry - Wy' . (3.4) 

Nevertheless, it is a straightforward calculation to check that with the brackets (3.3), the 
full Poincare algebra is still obtained for the generators and M^'^ expressed in terms 
of the transformed variables (3.1), thereby establishing the consistency of this alternative 
Hamiltonian description of rigid particles (the redefinitions (3.1) are of course also appli- 
cable in the degenerate case). In the generic case, the first-class constraints (2.11) and 
associated Hamiltonian (2.15) are then given by 

01= y^R^ , (3.5) 

and 

02 = y' [y.P - P^a/TTF] + r//xc (y°i?«)2 - {y.Rf - B?) , (3.6) 

with 

q^Q' = {y'R'f - {y.Rf - R' . (3.7) 

From these expressions and the brackets (3.3), the gauge algebra (2.12) is obviously also 
recovered. 

4. The Mixed Lorentz-Gravitational Anomaly 

The quantisation of rigid particles is thus specified by the Heisenberg commutation 
relations 

[x^',P''] = ih ri^"" , = ih , [y\R^] = ih S'^ , (4.1) 

and an abstract representation space of this algebra equipped with an inner product for 
which these operators are all hermitian and sclf-adjoint. Representations of this algebra 
are unitarily equivalent to wave-function ones either in position or in momentum space for 
each pair of conjugate degrees of freedom. This determines the space of quantum states 
for such systems, each of these states being therefore of positive norm. 

Turning to the ordering problem, let us first consider the situation for the Poincare 
generators. Clearly, P'* does not require an ordering prescription. For L^^'^ and S^'^ we 
choose 

Ifii^ = p^^x'' - P^x^" , (4.2) 

and 

5°^ = [ R'Vi + ^ + ] , S'' = RY - R'y' , (4.3) 

in order that these operators be hermitian and self-adjoint. Obviously, L'*^ and P^^ generate 
the Poincare algebra. On the other hand, while it is clear that S^^ generates the algebra 
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of rotations in space, it is not difficult to cfieck that witfi tfie cfioice of ordering in (4.3) 
the operators 5'*-' and S^"^ in fact obey the whole Lorentz algebra. Thus, the total angular- 
momentum {M^'^ = L^'^ + 5''^^) and energy-momentum operators generate the whole 
Poincare algebra, thereby establishing that this algebra is anomaly free and that in spite 
of the loss of manifest spacetime covariance, quantum states of rigid particles indeed span 
a linear representation space for spacetime translations and Lorentz transformations. As 
already pointed out above, this space can only support integer spin representations of the 
Lorentz group. 

Let us now turn to the ordering problem for the first-class constraints (f)i and ^2 7 a 
necessary prerequisite in order to define physical states of quantum rigid particles. Again, 
in order to have hermitian and self-adjoint operators, we must choose for the quantum 
constraints 

01 = ^ [ y'R' + ] , (4.4a) 

and 

02 = y'[y.P - P'V^Tr] +lvf^c [yH{: {y'R'f : - : {y.Rf : -^^) + 

+ $(: {y^R^f : - : {y.Rf : -R^) y' ] , (4.46) 

where : {y^R^Y '■ : {y-R)"^ ■ stand for normal ordered expressions of the corresponding 
operators to be specified presently. By considering all possible orderings for the products 
in these operators, one concludes that the most general choices possible all reduce to 
expressions of the following form 

: (y0i?0)2 : = + ih Ai y'^R'' + A2 , (4.5a) 

: {y.Rf : = R'y'y^^ + ih Bi y'R' + h'^B2 , (4.56) 

where Ai,A2, Bi and B2 are undetermined free complex coefficients. Requiring that these 
operators be also hermitian and self-adjoint only leads to the restrictions 

Al = -Ai , A*2= A2-A^, (4.6a) 
BI = -Bi , B^ = B2-{D- l)Si . (4.66) 

With these definitions, it is now possible to determine the commutation relations for 
the quantum gauge algebra. One easily finds 

[01, 02] = -^n02 . (4.7) 

Comparison with the classical bracket (2.12) shows that the gauge algebra is indeed 
anomaly free. Therefore, both local world-line reparametrisations and the local rescal- 
ings generated by 0i are symmetries of quantised generic rigid particles. From that point 
of view, it is thus meaningful to define their quantum physical states li/j > as being the 
solutions to the conditions 

0i|V'> = , 02|V'> = , (4.8) 
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thereby ensuring invariance of these states under all local gauge symmetries including 
world-line reparametrisations. However, this definition must also be consistent with the 
other symmetries of the system. Namely, the generators of gauge symmetries must com- 
mute with those of spacetime Poincare transformations. Otherwise, physical states solving 
(4.8) cannot define linear representations of the Poincare group. In other words, a state 
physical in a given reference frame would no longer be physical in some other frame! Nor 
would it be possible to define consistently the mass or spin of physical states! 

Clearly, this type of problem does not arise for the gauge generator 0i since 

[ 0i] = , [ 0i] = , [ M'^^ 01] = o , 

[ p^ 0i] = . (4.9) 

Moreover, we also have for the generator of world-line reparametrisations 

[ P'^, (/>2] = . (4.10) 

Therefore, at least the energy-momentum hence also the mass of quantum physical states 
are well defined observables for generic rigid particles. To analyse the situation for the 
remaining commutators [M^^, ^2] 5 it is useful to decompose 02 in (4.4b) as 02 = Xi + X2 
with 

XI = y^[y.P-PWi+y^] ■ (4.11) 
A simple calculation then finds that 

[ xi] = ihiPW - pWi+¥) = -[S'\ Xi] , (4.12a) 

[ xi] = iHPW - P'y'y') = -[ Xi] , (4.126) 



leading to 
and 



[ M'^^ Xi] = , (4.13) 



[ M'^^ 02] = [ M'^^ X2] . (4.14) 

Moreover, since L^^ clearly also commutes with X2, only the commutators of S^'^ with 
X2 are left to be computed. In fact, since both y^ and commute with S^^ , the crucial 
commutators to be determined are those of S^^ with ( : [y^R^Y '■ ~ '• {V-P)^ '■ —R^)- 
Using the normal ordered expressions (4.5), a direct calculation shows that 

[ S^^, : {y^R^ : - : {y.Rf : -R^] = , (4.15) 

so that finally 

[ 02] = . (4.16) 

This result is indeed to be expected owing to the manifest rotation covariance of the 
quantisation procedure. On the other hand, the commutator with Lorentz boost generators 
gives 

[ 5-, : iy^R^ : - : {y.Rf : -R^] = \ ^^-^^^ + 

+ lh^ Bi[ R'—^= + ^ R' 1 . (4.17) 
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Hence, we certainly have for any choice of F{k^K'^) in the generic case 

[M^\(t)2] ^0. (4.18) 

This is the mixed Lorentz-gravitational anomaly of the title. Generally, this anomaly is of 
order Ti^ unless an ordering for (j)2 corresponding to i?i = in (4.5b) happens to be chosen, 
in which case the anomaly is of order . Therefore, given any ordering for the generator 
of local world-line reparametrisations, physical states (4.8) do not transform covariantly 
under Lorentz boosts! The subspace of physical states (4.8) is not closed under the action 
of Lorentz generators, even though these generators act covariantly on the entire space of 
states. 

5. Conclusions 

This letter has described how by properly accounting for the restriction of causal 
propagation inside the light-cone, rigid particles cannot be quantised in a way which is 
compatible with the requirements of local gauge invariance under world-line reparametri- 
sations and of spacetime Poincare covariance both at the same time. The origin of the 
problem lies with a mixed Lorentz-gravitational anomaly in the commutator of Lorentz 
boosts with the generator of world-line reparametrisations. Consequently, even though the 
Poincare and local gauge algebras are both anomaly free on the complete space of states, 
Lorentz boosts map outside of the subspace of physical states defined to be all states invari- 
ant under gauge transformations - which includes world-line reparametrisations. In fact, 
the only Poincare invariant quantum observable which is well defined for physical states 
is their mass; the concept of spin has no meaning for these states. We must therefore 
conclude that rigid particles are not consistent quantum models for particle physics. To be 
precise, the present analysis applies for any possible dependence on the world-line extrin- 
sic curvature with only one exception, corresponding to a degenerate situation for which 
classical solutions are all of constant extrinsic curvature. This degenerate case requires 
a separate treatment still to be completed. Nevertheless, the same type of anomaly as 
the one above would presumably be obtained in that case as well. Most probably, the 
same conclusion would extend further to theories which also include a dependence on the 
extrinsic torsion and other such invariants of higher order still. 

One may also argue that the quantum anomaly for rigid particles is the strongest 
indication yet as to the probable inconsistency of quantised rigid strings. It is widely 
believed [^'^^ that the higher derivative couplings of rigid string theories lead to quantum 
physical states either of negative norm or of energy unbounded below. In fact, a semi- 
classical analysis of Polyakov's rigid strings has revealed'^^^ instabilities of the latter type. 
However, rigid strings possess collapsed configurations corresponding to rigid particles. 
Since quantised rigid particles are not consistent, quantised rigid strings cannot be con- 
sistent either. Note that quantum inconsistency of rigid particles is not related either to 
negative-norm physical states nor to energy unbounded below but actually follows from a 
quantum anomaly. Strictly speaking, if this type of reasoning is justified, the conclusion 
applies so far only to those rigid strings whose collapsed configurations are not degenerate 
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rigid particles. Specifically, consider the dimensional reductionl^^'^l of a (Z)+l)-dimensional 
rigid string whose action depends on the world-sheet extrinsic curvature through some 
function G{x), 

S[(f)M] = Jdrda ^(k^Ac^^A^m) • (5.1) 

Here, (j)^^ {M = 0,1, ■■■,15) are the string coordinates, gap = r]MNda4>^ dpcj)^ is the 
induced world-sheet metric {timn is the Minkowski metric in [D + 1) dimensions), A is 
the Laplacian 

A = ^ a« g'-fdp , (5.2) 

and as usual = r and ^"^^^ = cr with a,j3 = 0, 1. When identifyingt^^'^l one of the 
space coordinates (j)^ with a and assuming that the remaining string coordinates are 
independent of a, (5.2) reduces to (2.1) with 

F{x) = G{x) J da (5.3) 

(the integral is over the finite range of cr). Thus in particular, Polyakov's rigid strings^^'^^ 
correspond to the choice 

F{x) ^aox + Po . (5.4) 

Since this function does not define the degenerate case (2.5), we must conclude from 
the analysis of this paper that Polyakov's rigid strings cannot be consistent fundamental 
quantum theories. Of course, this does not necessarily exclude their possible relevance 
as effective theories for some semi- classical approximation to other more fundamental 
theories. 
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